
LMIs, Interior Point Methods, Complexity Theory,
and Robustness A na] ysis

Nlchrzrn h4CS13alIi]  ancl  George  1’. l’apavassilcrpoulos  2

Al)stract

l,ct 6X bc a lncasurc  of the relative stability of a stable
dy]lall]ical  syslcm  X. IJct, ~~(~)  be a m e a s u r e  o f  the
c.o]ll~jllt:ltio~lal  cflicicmcy of a particular algorith]n  A
wllicl) vrrijics the stability property of X. l’or  two rc]J-
rcsmltativc  c.a.ses of >;, wc ctclnonstratc  tllc cxisklce  c)f
a ]mr(licuiar lneasurc  d~ ancl an algorithm A such that)

where c depends ~)ossibly  on tllc dilncnlsion of the sys-
tcl II >; and paralnctcrs which arc specific to the algc)-
rithln A, but, indc})clldcnt of any other systeln  charac-
teristics. III ])articular,  given X and d, OIIC call estimate
fi>; l,y ~)lc~s~!it!g  ~A(>;).

1 Illtroducticm

1.1
‘1’lIc ficltls of control and systcm  theory 011 oIlc hal)d,
md c.olrll)utatiollal  comjjlmity oII the o t h e r ,  arc IIc)t
generally considered by tllc rcscarcl]ers  of either field
to he hascd on silnilar  principles. lkcIItly,  some coll-
Lro]  aIId syskrn theorists ]Iavc begun a serious study
c)f control prohlclns  froln the conlputationat complex-
ity ]~oint of view, e.g., c]assifyin,g c.ontro] ]Jrol)leIns  in
tcrnls of tflc comljlcxity  class which they belong to [3],
[9], [1 I], []5], [16]. ‘J’his lillc of research is conccrllcd
wit]] dckrlninirlg whct,hcr  a control  prohlcrn is for cx-
aIII])lc  Nl)-llai-d,  etc. Such results convey the idea Ll]at

tl]c corrcsj)o])ding system problcm,  wllctller  ii, is analy-
sis or syllt}lcsis,  is computatiollal]y  di~~ictili. One IIlajc)r
issue which wc bclicwe has ~lot been consider-ed ill this
direction is the role that the theoretical studies of tl)c
colnput, ational  efficiency of algorithms call play ill all-
:Ilyzillg SYSLCIIIS prot)]e~ns  that can be solved cjjicicntly.
Givcll  a col~trol  or system prohleln  that wc can solve by
Illcans  of al] algorithm in a rcasollahle  tilnc (for exarn-
l,Ic ill tilnc wllicll is ~)rol)ortional  to a I)olynolnial  c,f tllc
dilllellsiolk  of the system), what, dots tllc ?unning iime
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c)f the algoritllln  disclose about SOII-IC  of the characteris-
tics oftllc syskm under study? III this avenue, suppose
that oac wants  to examine the stability ])ropcrtics  of a
ccrtailk dynamical syskrn arid art a]gori Lhrn  is LIscd  for
this pur])ose.  ‘1’lILIs we usc an algorithln  which accepts
/L5 the iriljut, a dcscril)tion  of t]lc syste~n (e. g., i~l terJIls
of ]natriccs),  arid produc.cs as an output “yes” or “no, ”
indicating rcspectivc]y, w]lcthcr t]lc systcrn is stahlc  or
ul)stahlc.  Su~~~)osc  furthermore that, tile time required
fc)r the termitlatioIl  of this algorithm is ])roportiorla] to
ttlc dimension of tllc systc~[l  and allotllcr  })arametcr,
dcllotcd by <. J!rc woulcl like to show that for certain
],roblerns itl syst,mns and control theory, t]lerc exist  a]-
gorithrns  for whicl) tllc corrm{)o~ldirlg  ~ can be viewed
as a cc.rt,ain Incrwurc of robusfncss,  e.g., stability mar-
gin.

1.2
‘J’}Ie  results collrlcctirlg  robustness prol)crties  of c]ynaln-
ical Systcllls  allcl co~nputatiorlal  cflicicmcy of algorith]ns
]Iavc very  illtcrcstillg  ilnl,lic.atiolls  ill sysLcm and col:-
trol theory. ]t turIls out however that these results are
a ])artic.u]ar  way of illtcr~)rctir~g  the related studies in
tllc complexity t,llcory  in terlns  of collditio]l  lncz,sures
as reported in [1 3]. ‘J’lle connection call in fact he es-
tal)lishccl  at a Inuch dcc]wi- level, i~l a SCIISC  ttlat tllcy
suggest a urlifying framework for studyil]g  colnputa-
tional  co~llplexity and robuslllcss.

‘1’lIc orgatlizatioll  of the paper is as follows. in the
lIext sectio~l we initially coIlsicter  the ],yapunov  cqua-
tio]l, a~ld dmnonstratc  that t,lIc l)roduct  of tllc rulllii~lg
tilnc  of a particular illtcrior  poil]t IIlctllod (i~)ll})  aIld
a rohust~less  Incasurc  for lillcar  sysknns  is a constant
w h i c h  clcpcl]ds  olily on the dilnc.nsion  of the systelln
ultclcr  study. PVC then turn our attcnltion  to the ]norc
genera] problcun of cllcctciug the ~)ositive  rwaltlcss of a
trallsfcr  matrix. It is shown that tlm cfflcicllcy  of the
i])~n for dctcrtnining  the positive rcalllcss  of a trausfcr
matrix is agail) related  to certain llotio~ls of robustness.
‘J’hc pal)c.r is c.oIIcludcd with a brief  after-tllought on
tl)c iInJ]licatiotls of tllc results. ‘1’}Ic results rq)ortcd in
tllc pal)cr arc based olI a section of tllc Inalluscript  [8].

A  fcxv worcls 011 the ~lotatioll. “J’lle rlc)tation llcrnl(A)
dcnolcs  tllc hcrlllitia~l part of tile. Inatrix  A, i.e., ‘+2A:;
for two symmetric Inatriccs  A and 11, A >11 (A ~ }1)
indicates tliat A --11 is positive clefinitc (])ositivc sclni-
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(Icfillit,c, rcsl)cctivcly).  As noted previously, TA(,:)  (lcs-
“., ...

igllatcs  lIIC run]lillg  tilnc of tllc algorithm d whic]l  ver-
ifies tl]c stal)i]ity  I)rol)crt,ies o f  tllc dynalnical  systcln

that, O : j(n) ~ cg(n) ( O  < c9(7t) < j(7t)), f o r  a l l
n ~ m! i,c., j(?t) grows slower (faster) tl)an  9(71) as n
incrca.sca.

2  l~ltcrior  I’oint  Methods  and StalJility
Analysis

2.1
WC Ilow begin our study  of the relationship) bctwcmk tllc
colllIJutatiolial  cfflc.icnc.y of the iTltcrior point, methods
and tlie stal)ility  ~)ro~)crtics  of cty]lamical systmns.  WC

initially present this relationship in terms of the stabil-
ity crit,crioll for lillcar  time il]variant  syst,cms  exl)rcssed
irl tcrll]s  of the l,ya~)uuov equation. ‘J’his  is done mai~lly
to esLabIisll  the C,ollccl)tual vein wllicll is pursued ill
tllc })al)cr; wc do not suggest that l,ya~)unov cquatiolls
should be solved via tllc illtcrior  point lnctllods  (al-
t]loug;ll t]lcy certainly  can b e ) .  Ncvcrtllcless,  t])c ill-
sig;llt that OIIC ot)taills  frorll suc]l  an analysis, IIol)cfu]ly,
jus{ifics tllc I)resclltation  of these results. WC subsc-
quclltl]y  continue cxJJlorillg tllc rclatiollsllil)  Lctwce]l cf-
ficicncy/stalJility  ill the framework of tllc l’ositivc  ltcal
IJeln]na. ‘]’hc lat ter  prcscatation runs l,arallcl  to tllc
forllicr  case of tl~c I ,yapullov equation; tllc concc},tual
ilnl)licatio]ls  follow as wc]l,  altl)ougll  at a dccpcr level
which we shall  elaborate on.

2.2
A s  a]~y studmlt  of c.olltrol tllcory  knows,  in order to
establis]l  tllc stability of the origin for the systmrl  >;1 ,
dcfillcd l~y the IIlatrix  A C }t’’x”,

2;] : ~= A;c (2.1)

O]IC  call cllcck tllc feasibility of the following systcnti of
lincnr lnat,rix incqua]itics  (I, MIs):

.cI : A’]’ -t I’A <0 (2.2)
1’>0 (2.3)

IJct us for the monm]t forget that the.sc lnatrix inequal-
ities can soItlchow  be solved via a syste~n of linear equa-
tions.  Wc a~)proacb the ~)roble]n  of finding a feasible
IJoillt of the set clcfiIIcd by (2.2)- (2.3) via tile illtcrior
l)oint ~llctllods.  ‘J’llis  will provide us with all op~)or-
tunity to, ratllcr  i[lforlnally,  review tllc illtcrior  poil]t
ll]cthods  (il)~lls),  as well as prcscnti]lg  tllc idea wllicb
shall bc  gcnera]izcd in the subscquc]lt,  scci,io]l.  ‘J’IIc Ina-
tcrial  o]] the ip~lls which follow have bcc~l prcscntcd  in
a lnorc gclicral scttiug  in [1 O] and [1 3]; our prcscntat,  ion
follows the latter rcfcrcnce.

111 order to fi]lcl a fcasihlc point of (2.2) (2.3), onc can
consider instead tltc followi[lg o~)timizat,iorl prohlcm,

L? : i[lf t (2,4)

St. A’}’+ }’A < t(A’~-I  i’A -I 1) ( 2 . 5 )

1 ’ > 0 (2.6)

1>0 (2.7)

wllcrc  the lnatrix } is chosen to hc l)ositivc dcfinit,c,
e.g., F = 1. Note that the feasible set of f.~ is a subset
of s]{”  ‘“ X 1/. Orlc lnight  wonder why 1’ is introduced
in (2.5). ‘J’llc rcasoa is that ill doing so, a feasible point
of 1.2 is readily available: (Po, to) =- (j’, I). Our task
is Itow to illitiatc tllc algoritll]n  fron) (1-’, 1) wit,!]  the
objective value of 1, and try to so~nc]low rccluce the
objective value to zero (which would be the case if and
Only if >;l is stable), wifhorft  leaving tllc feasible region
of -CZ. ‘J’llis is exactly what, an interior ~)oit]t ]ncthod
( 1O C S  (Inorc  sl)ccifically,  wc IIavc in mind  the biuricr
]ncthod).

Fcw col IlmcuIts,  aIId a rcfornlulatio~l of IZ ~)rcccdcs our
dcscri~)tio]l  of the barrier Incthod.  Sup~)osc  that we
were to SOIVC the following o})tilnizat,ioll problc]n:

L?, : illf t (2,8)

s, t. A’]’ + I’A < t] (2.9)

1’>0 (2.10)

[[1’[1 <1 (2.11)

-l<t<2 (2.12)

l,ct i!irlf and t,t,P dc]~otc t}lc value of tile infi~num a{]d
tllc sul)rcInurI] of the ol)jcctive  funct ional  011 tllc rc-
s])cctivc  rcg]oIl  (C. g2j.,  i!~,)f = O  ill ,CZ if };, is stahlc).
‘J’lIc value of tillf in 13 clearly is a Incasure  of relative
stal)ility;  illtuitivclyj  the Inore  negative onc can choose
i, tlIc ]Ilorc  “stable” >;l is. “J’hc lower bOUIId  for t and
tllc norm co~lstraillt on 1’ arc cl Ioscn for rlormalization
],ur[~oscs;  otherwise tbc problc]o would bc unbouIldccl,

if feasible. ‘J’hc cllc)icc of t,llc u])])cr  bound for i would
LIc justifies shortly.

It is not clear however how tcl “pick” a feasible point
for ,C.3 to i]litiatc  tllc algorithm fro]n. WC thus consider
irlstcad a colnbillation  of ,C2 :illd ,C3:

L: i]lf t (2.13)

s. t. A’P -I I’A < t(A’} -I PA -I 1) (2.14)

1 ’ > 0 (2.15)

I/1’11  <1 (2.16)

-l<t<2 (2.17)

wit]l ~ > 0 and [1~[1 < 1. ‘J’hc i]litial  ])oiat (~’, 1) is n o w
readily available as arl i[litial  ]Joillt. Again,  tllc value of
i!i,,f for Z sornchow  conveys iuforlnation  rcg;arding the
relative stability of >;], an obscrvatio)l  wllicll sl)all bc
]nadc more prcc.isc shortly.
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ljct us denote tllc feasible region of Z by $J,. Note
t]l:lt 31, ~ ,$l<~x” x It and that it is all open and co]l-
vcx set. It turns out  that associatccf  with the set ~],,
tl]c.rc is a functional fJ : interior Fx, —+ 1/, which acts
as a ‘%clf-collcorrfant barrier. “ 1 ‘he term “self collcor-
clant,” refers to ccrt,ain prol)criics  of the gradient al,d
tl]c IIcssiall of the fuactiol]al  6 cvalrratcd at poi)lis in
Y’J,; for tllc l)url~c)sc  of our IJrcsclltation,  wc shall by-
~)ass t,flc exact dcfillitiou  and refer the illtcrcstcd  reader
to tflc rcfcrcllccs F;ivcll above for the ipm theory.

‘J’llcrc arc two ilnportant points however that lIccd
to I)c ]I]cntioncd regarding the functional b. First,
i f  {~:fi}~>l E ~j, is a scqucncc t h a t  a])l)roacllcs  tltc
l)oundarj of .lj,, 6(x~) -~ m as k -+ cm. S e c o n d ,
tllcrc is a l~ara]llctcr A’ a s soc i a t ed  wit,h 6 wllicll dc-
tcrlnillcs, tllc co~nputationa]  cflic.icncy o f  ihc illtcrior
JJoirlt lncthocl for lniTlinlizing(or  )naxilllizillg)  a linear
ful)ctio)ial  over .TI,, tllc so-called self-collcordant IJa-
rarllctcr. l’or  brevity, wc shall simply write down the
self-concordant barrier for ~“1, and its associated sclf-
collcorclallt paratnctcr K . Subscclucntly)  we ~,rovidc  a
dcscril]tioll  of the algorithm for solvingz  using b, and
its eflicicl!cy ill terms of tllc self-collcorda~lt I)aralnctcr
of b.

l,ct iJ:YI, - ~libc clcfincd as:

I!J(P, L)=  -1210 .gdctP

- 1210gdct(-  A’1’ -- 1’A +- t(A’~ -I ]’A -I 1))
- 1210g(l  - 111’11~)  - 1210g(i -1 1) -- 1210g(2  - i)

Note that indeed when (1’~, i~) + boundary of Y-l,
L(l’k, tk) - } cm. ‘J’llc assoc. iatcd  self-co~lcordallt parall)
ctcr for tlie futlctiollal  b turvls out to bc,

1{ :: /]271 -1 ]27t+ 48 =  f3(/7t) (2.18,

Wc arc ]Iow ready to describe tllc interior point mcthoc
for solvil,g  Z. Startil,g fro~n the initial point (} ’0, to) :
(~’, 1), aTId ])arallnctcr  ~1 :- ~trj,

1 .  IJctk= o .
2. So lve  tllc uiiconstraint,  optilnization  l)rob]clll

lrliTl@(l’~,rl~,/i~)

where Q)(l’k, tk, //k) :=- ~~ki -I b(}’k, tk).

3. I / e t  //k41 = (1  -t ~+.

4. Goto 1 .

of course, Stcl~ 2 cannot  bc solved exactly; a lot of rc-
scarcll has bccII devoted to come up with a stoI)l)ing
critcrioll  fc~r tl~is stcl) which is s.ufllcicnt for ~)roving
Ilice t,llcorctica] cf[icic~lcy o f  t,ltc complctc  algorithln.
OIIC suc.11 criterion, rather in(crcstillgly,  is to take ‘(one”

‘II,  fact duc  to tl]e xcsult  of Ncsterov  and  Ncn\irovsliii  [ 1 0 ]
every O},cl) coltvcx cloliiait~ ill 1{’1  has  suc]l a f(lr[ctiollal  associatccl
with  it.

Ncwtoll stcI), starting with a “nice” initial point, and
thC1l inc.rcasc //k (tllc  so-called short stc~) r[let]lod). ln-
tuitivcly,  a s  k - ~ cm, 1(L –+ m, and the scquct~c.c of

. .
lI]lnlnlal  Values of d)(l’k, tA. , pk) WI]] apl~roac]l ti*,f .

‘J’llc resulting cornp]cxity bound below is tllc upshot of
the il]tcrior  I)oillt apl~roach.

Tllc!orc!ln  2.1 ( [ 1  3 ] )  l“or Sohli?lg 1, st(r7’1271g  Ulitlt
(i’, 1) using

O(A’ log(K -f :)) (2. 19)

iterations, the above ba7ric7 method co711putcs  (l’*, t*),
UAC7W 1“ E 31, and t’ is known io saiisjy

i’ -  ti,,f. . -<(
t sup  - ‘inf  –

(2.20)

i.e., ajtc7 O(K log(l{ + ~)), an (-optimal poi7Lt  is fou71d
by lhe harr’icl’ 7nciltod.

‘J’llcorc]n  2.1 ILas few i~n~)licationsl orlc of which is the
followirlg: If tir~f <0< t,,,p, after

O ( A ’  log(l( -1 - ~s[’~)  -------
-  

ii,,f
---T))  ( 2 . 2 1 )

I])ili{fSLII,  - @, C! — 
~i*, f

iterations, for wl]ich tllc last pair is (1’, t), is guaranteed
to satisfy 1’ C fj, arid t = cr.

Cc)nsidc.r solving .C by tl~c interior ~)oil~t lncthod  de-
scril)cd  above. ‘J’o c.licck tllc stal>ility of Xl it is r)cccs-
sary and sufficic~lt  to stop tllc algoritl)l[l  after the i-th
itcratiorl,  wllcrl ti = O. Accordirlg to (2) this is guar-
anteed after

- tinf
n;, = O(K IOg(]l’  -} -. “!’1-. ___

rnlri{t,,,],,  - iir,f}
)) (2.22)

i.e., T~:l is tl]e termination time of the barrier method
for cllccfiillg the stai)ility  of );l. III view of tllc results
rc~lortcd  ill [1 3], wc l)rocccd  to SIIOW  that,

the l,roduct  of Tx, and a ~)articular robust-
rlcss rncasurc  is a corlstarlt  which clc~)crlds
ollly orl the di7ncnsion  of );], n.

l,ct ~ = $1 rind start tllc illtcrior  pc,illt rnctllo<J dc-
scril)cd  earlier from (j, 1). ‘1’hus i~,,r)  ~ j and trivially
t ~,,},  < 2. Note that ti,lf ~ O, sillcc if iil,f > 0 an<J tllc
JJair (ii,,f , 1’”)  is tlic solution to c, thcll for O < ( < 1,
(C{i,,f,  cl”) is also a solution to f,, which is a contraclic-
lion,

llcfcrring  to (2.22), we observe that ~~;l is csserltially  a
furlctior] of K wllicll is itself a fuliction  of 71 only, a~ld

. .
a co~llt~lrlatlon  of tsllll and ~il!f. As ltcrlegar  ot)scrvcd in
[13], t.,,,, and ii,,f COIIVCY  iliforn}ation shout a particu-
lar conditio~l rlulnbcr  or ttic dist,ancc to ill-poscdness.



‘Iiauslatccl  ill tci-rns  of the coucepts  iu stability aualy -
s i s ,  this  I)aramctcr  is ill fact, a “mbustucss”  IIlcasurc,
a s  wc ~Jroc.ecd to SIIOW  Lclow.

l)cfillc’ “ “

(!>;, :== –-—-—
IOg(fi+  +)

Si]lc.c -1< ti,,f <0, for small c >0,

is it)c.o])sistc]lt. ‘J’bus,

(2.23)

(2.24)

(2.25)

(2.26)

(2.27)

(2.28)

(2.29)

(2.30)

sillcc iirlf ~ O. ‘J’l)c  first inequality ahc)vc is the result
of two JJrol)ositiolls  rcl)ortcxl ill [1 3].

Sillcc O <- i,,,f < i,up <2,

72:, =- O(K log(K  +  -- :,, f))

=“ O(A’ IOg(]i’ -i ;,))
‘J’llcrcl)y  wc llavc established tlIc followiug tllcorc~ll.

‘1’ll(!OK!I1l  2.2

T>;, fi>;, : ()(K)  =- O(fii) (2.31)

‘J’llcorclll  2.2 co~)stitutcs a natural, hut very illtcrest-
illg rclatiollsllip  bctwccu rol)ustucss  properties of >;l
al]d tllc Cflicicl)cy of ij~ms for dctcr~nilli~lg whctllcr  >;~
is stahlc. More specifically, f;ivcu that (2.31) holds,
Jixillg 71 and usi),g the i~)~ll for tllc solutiou  of tllc l,ya-
})urlov cquatio~l, certaiu  iuforrnation  pcrtai~li~lg to tllc
relative stability of tllc corrcs~)oudirlg  systclu  is so]llc-
Ilc)w rcvcalcd! ‘1’llis obscrvatiou  has couscqucuccs  wl)ic.11
go far Lcyoucl tllc stability aua]ysis  of >;, .

2.3
(:onlplcxity  aualysis  iu Lerlns of “ condition Iucasurcs”
has illtcrcstilig  iluplic,atio~ls for I)roblcllls collsidcrcd ill
systcl[l aud corltrol theory. ‘J’his is iu ])art duc to tllc
fact that the illtcrior  poiut  Incthocls (ipms)  cau iu I,rim
cil)lc hc a~)~)licd  to all c.ouvcx optitnizat,io]] prol)lcll)s.
III this  scc.tioll  wc sliall provide auothm  cxallll~lc wllicll

rcillforccs o u r  bc]icf t ha t  the couccptual  frammvor!i
dcvc]opcd  ill tllc I]rcvious  subscctio]l  h a s  f a r  rcacll-
illg conscqucmccs, t h i s  tiluc  ill tllc colltcx(, of cllcck-
illg tllc ])ositivc  rca]ncss of a trausfcr  matrix. II] this
avcuuc, wc first state the (gcucra]izccl)  l’ositivc Rca]
(GI)IL)  Ijclulna,  as well as its collscqucllccs iu stuclyiug
tllc absolute stability prob]crn. ‘1’hcu two robustucss
mcasur-cs  for tl)c I)ositivc  real systelns  arc rliscussccl,
ollc of wl]icll corrcs~~ollds  to the notiou  of gain luar-
gill. IIavillg discussed the GI)R  I,clnlIla  aucl its appli-
cations  ill sta})ility analysis, au exact aualoguc  of tllc
illtcrior  l)oillt nlcthod  allcl its coml)utatioua]  efficiency
l)rcsclltcd of Scctioll 2.2 arc discussed for the l,hf 1 aris-
iug from the G1’lt l,cnllua. in particular, it is sllowrl
that tllc product of tile rulluing  tinlc of tllc ipln aud
a ccrtaiu  robustness measure for Gl)]t  systcIns, is a
collstarlt  wllicll  dcl)cllcls ouly 011 the dimrxwion  of tllc
UlldCI’lYiU~ SYSkII1.

CoIlsidcr tl]c liIlcar time iuvariarlt  systcm  >;z:

2:2: i’ =- A I: -} 1~ u (2.3’2)

y= C$+l)tl (2.33)

SUCII that, tllc quaclrul)lc  ( A ,  1;, C, 1)) is tllc ~ni)li~nal
realization of the trausfcr  luatrix

11(s) = C(S]  -  A)-l B -I 1 )

ill wl]ic]l case wc write }1 N (A, li, L’, 1)). WC sha l l
assuluc that tllc I)airs (A, l)) allcl (A, C) arc res~)cc-
tivcly, co]ltrollal,lc  and olmrvablc. ‘1’hc  ~natrix A  i s
also assumed to t)c IIurwitz.  I{’or further rcfcrerlce  let
A E R“X’L, 1] ~ ]i” ““ , {: ~ ]~’”x” arl~] ]) ~ ]~’”x” all~l
without 10ss of gcllcrality  assulllc  that n/ < n. Given
all initial  couditioll  xo aud a coutrol  function 7] which
]Ilal)s  y to u, t]lc cquatious  (2.32)- (2.33) define a hZL-

jcctory  for tllc fccdl)acli systcm  );?.

Givcll tliat 11 N (A, }1, C, D) alicl assuluitlg  that A i s
IIurwitz,  the trausfcr  rl,ai,rix 11 is called (gcncralizccl)
strongly })ositivc  real (G S1’lL) if tllcrc exists c > 0 such
tliat

II(ju)) -i ll+(jw) >  (1 vu)

wllcrc 11* (jw)  clc]lotcs  tllc colljugal,c transpose of tllc
trausfcr  lllOtriX 11 (ju~).  ‘1’IIc (gcncralizcd)  l’ositivc  ltcal
(G1’R) l,crulna  states that 11(s) is GS1’1{ al,cl stab]c  if
and only if tllc follcnvillg  systcln  o f  liucar  lnatrix ill-
equalities is fcasil)lc  [1], [14],

“’r’[”( fi ‘, ) ( :1 ~ )’<0 ‘234)
1 ’ > 0 (2.35)

ljct us dcfi~lc two rot)ustucss  lucasurcs  for a GS1’lt sys-

tcI1l. l)cllotc  by 1; :=
( )

A 11
L’ 1) “ ‘“’v lCL’
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SUC1l that there (foes not exist a matrix P that satisfies
the following set of linear matrix inequalities,

“C’’’”( : ~~ )“’;+A)}<O ‘237)
1’>0 (2.38)

arid Ict

(Q;,  := l/log(/?L + in+ j (2.3!1)

‘J’hc qua~ltity  6A, is a measure of tile relative  lJertur~’a-
Lioll that a stable GSI’R systc]n X2 can tolerate, and
re)l~ain  strhle and GS1’IL. “1’he  ]Jerturbation  A, can for
cxa[n])lc bc the result of the uncertainty in the ]noclcl-
itig of the }Jlant, or due to tile finite accuracy of tile
colnl)uter  arit}l]ilclic. (which for examl)lc, is used to
cllcck tile GS1’ltprolJerty  of the systeln).

Our~lcxt rol)ustncss  measurcisclefincd tobc

(2.40)

where ~1 is defined hy the following ol)tilnizatio]]  prol)-
lCIII:

,6’:= inf A(2.41)

1’>0 (2.43)
111’11<1 (2.44)

~ ~ O (2.45)

IJct us provide a l]~otivatioll  fc)rilltrocl[lcirlg d~:,. Coll-
sidcr tllc feedback system  consisting of >;2 ill tllc for-
ward })atll, allcl a noIllillcar  timcinvariallt control fallc-
tioll q i n  tile fccdl)ack  patlll  i . e . ,  u =  -- TI(Y).  As-
s~llllc fllrtllcr~]lorc that 7~t)cloligs  totl~cscctor [0,1/L!],
f o r  so]]ic rml  I)ositivc  nurnhcr  k, i .e . ,  O $ y’7](y) S
k117~(y)112,  fc)r  all y E R’”. ‘1’he quan t i t y  & is csscll-
tiallya lllc:~sllrc  oftlle)llaxirilal sector which 7]cali lJc-
10Iig  to, SUCII  that tile CIOSC loop systcln is .gllara~t~~ed
to I)e absolutely  stai)le  viatlle G1’RIJemrna.

‘J’llc two r“obusillc.ss measumsfor a G])}tsystclns just
in!,roduced arcrelatcd in an interesting waytothc com-
pI~tafzo7/a/ c~)icicncy of the barrier method (wheII  ap
]Jlicd to SOIVC  tllc system of I,MIs malting from tile
(11’1{ l,e]llrna). ‘1’hc relatiollslli~)  is of the followil)g
forl]l:

the ~)roducts  of tllc ruxlning  time of tllc bar-
r ier  Illctllod (wit]] sui tably choscII initial
]Joilits)  and Lllc rol>ustncss  measures 6~;,

a“(’ % arc corlstallts  which dcpcIId only
C)ll t}lc di7nc?Ls20n  of X2.

~]lC!OK!lll 2 . 3  ~iw?n iht syste7f1  ~;~, fherc iS 0-71 (rlgO-
7iilln~ A such  flltit for tlic robustness Incosu7H  c$~;z and

6;,2,

@.. T/@.., == c1

and

&;, T/@;,, =- Q

jor soIItc co71sia1tis c, a7td C2 which dcpelid 071131071 IL+-
7>1.

I’roofi We consider the problcln  of verifying whether
a transfer ]Ilatrix  is GS1’lt using tllc barrier method
discussed in the previous section. For this purpose,
wc a~)p]y the lnethod  to solve the syste]n of lnatrix
inequalities (2.34)-(2.35).

III colnl)lctc  analogy wit,ll the apl)licatioli  of iI)lns for
solving the IJyal)u[lcw equation, ill orcler to find a feNi-
blc poirit of tllc inequalities (2.34)-(2,35), wc al)ply the
barrier ~nct}lod to SC)IVC,

t,()

1 ’>0
11}’11 <1

-l<t<2

INotc that (~ 1, 1 ) is a fcasit)lc poir]t for tl]c set clcfincd
by tt)c last four inequalities a})ove.

IIy rcl)lacillg A with ~; ill the analysis  ~)rcsc~ltcxl  in Scc-
tioll 2.2 ancl relJcatillg  the exact scquellce of argulncnts,
wc cc)l Lcludc t}lat tlic ~iulrlt~er of iterations neo:led to
obtain  a feasible }]oillt of the set clcfi)lcd l)y tllc above
ccluality a]ld inequalities, a.rlcl collseque~ltly  to check the
{; S1’lL  IIrol)crty  of >;2 is,

O(K log(2 + A’ -i I/cl))

whrxe  1{ = fiL -1” ni. III view of the clcfinition  of I$;2,
it follows that

T@(>;,)6:;2  :. cl

\vllcrc c1 is a c.ollstallt which clc]~ends only on tllc di-
Inension of tllc system (through the varial]le  K).

171tcrcstingly,  hy an appropriate choice of tllc ini~ial
~)oillt for the barrier method, its runnir]g ti]nc can t)e
IIladc to  be illvcrscly l)rol)ortio[lal to t h e  rol)ustncss
IIncasare 6~,, [8]. [1
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‘1’1112  ll~aill purpose of tlm paper is to point out a very
close rzlaticrnship  bctwmm stahi]ity analysis of dynallli-
cal syst,ctns  011 OIIC I]and} and the theoretical studies 011
tllc cfficicl~c.y of ccrtaili  l}ulncric.a]  algorith~ns. in Imr -
(icular,  WC have chnonstratcd  that for very iinl)ortallt
stal)ilit,y proL~lc~Ns,  the cfiiciency of tllc i~lterior r)oillt
IIlctllods,  call co~lvey ccrtai~l inforlnatiol)  about  the rel-
ative  stability of the corresl)ondillg  systclns.  ‘J’}lese  rc-
sult,s arc duc to the cxistenc.e  of a self-co~lc.orclant Ljar-
ricr for the cone of l~ositive semi-definite matrices, with
a self-collcordant )~aralnctcr wl~ic.11 dclw]Icls only on tile
dilllcllsioll  of tllc s])acc for which the problclli  is forjnw
latcd  ill. ‘J’llis pllci~omcl]a  can in {)riacil)lc hc used to
give al] rrigoriih~nic dcfi7tition of the relative s~al)ility
of a dyllaliiic.al systmo.
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